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We study the layer dynamics in a coupled set of reaction-diffusion systems describing the interaction
of one activator and two inhibitors. In some special limits, this set of equations is reduced to a
Bonhoeffer—van der Pol-type excitable system or a model for electric glow discharge. Dynamics of lay-
ers is investigated by an interfacial approach and complementarily by computer simulations. By chang-
ing the parameters, these layers undergo several sustained oscillations such as breathing, wiggling, and
quasiperiodic motions, which are due to the competition of two inhibitors and one activator.

PACS number(s): 47.35.+1, 02.30.—f, 82.20.Mj

I. INTRODUCTION

Pattern formation far from equilibrium has attracted
increasing attention for more than 20 years. Extensive
reviews can be found in Refs. [1,2]. The discovery of the
Belousov-Zhabotinsky (BZ) reaction [3] was a landmark
that both physicists and applied mathematicians began to
study intensively this field. Curious patterns such as con-
centric and spiral waves [4] have been considered by
analytical methods including approximate theories and
computer simulations [5]. Recent experiments [6,7] of
the ferrocyamide-iodate-sulphite reaction in gel reactors
have realized spatially periodic motionless domains as a
result of Turing instability [8].

The emergence of localized dissipative patterns has
also been observed in semiconductor devices [9,10] and
electric gas discharges [11,12]. In contrast to the chemi-
cal reactions, these localized domains undergo oscillatory
instabilities. In fact, complicated motions of discharged
domains as well as stationary periodic structures have
been observed in both one and two dimensions. In an
electric system some of the system parameters can be
controlled in a tunable way. This is one of the advanta-
geous features compared to chemical systems where, for
instance, the reaction rates are not changed freely in
some intervals. Thus the transition from one state to
another in the electric systems can be investigated sys-
tematically.

From modeling view points, such pattern formation is
described by a class of reaction-diffusion equations in the
framework of activator-inhibitor systems. Throughout
this paper we use the terminology of an activator and an
inhibitor with the same meanings as widely accepted in
the literature [13—15]. Originally the notion of activator
and inhibitor was introduced in a two-component
reaction-diffusion system. A substance is called an ac-
tivator if it has a property of self-enhancement. The ac-
tivator produces another substance that is called an inhi-
bitor if it tends to suppress the growth of the activator.
An example will be given below in Egs. (1.3). A remark-
able property of the system is that if the diffusion of the
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activator is small compared to that of the inhibitor, a
motionless localized solution [16] and/or a spatially
periodic solution [14,17] can be formed. This is due to
the Turing instability of a homogeneous steady state. It
is remarked that the bifurcation is not necessarily super-
critical. Depending on the nonlinearity of the system, a
spatially periodic solution can appear as a subcritical bi-
furcation in a monostable state where a homogeneous
solution is linearly stable. In the opposite limit such that
the diffusion of the inhibitor is large, the system in a
monostable condition exhibits a stably propagating pulse
solution [18,19]. It is well known that the simplified
model equation for the BZ reaction belongs to a one-
inhibitor —one-activator system [20].

Recently it turns out that one has to consider an
activator-inhibitor system with multiple components.
For instance, the pattern dynamics in the electronic de-
vices and glow discharge mentioned above is modeled by
a two-inhibitor—one-activator system. See the transfor-
mation of Egs. (1.2) to Eqgs. (1.5) below. More generally,
the interaction of multiple species of activators and inhi-
bitors is often observed in population dynamics. One
typical example is a population model system of N preda-
tor species and M prey species, both of which move by
diffusion. These are basically described by

1

——a—t—=d,-Aui+f,~(u,v)ui (i=1,2,...,M), (1.1a)

dv; _ .

—&——devj+gj(u,v)vj (j=1.,2,...,N), (1.1b)
where u =(u,uy,...,uy) and v =(v;,v,,...,Vy) are

population densities of the prey species and the predator
species. The constants d; and d; are diffusion rates of u;
and v;. The functions f; and g; are the growth rates of u;
and v;, which possess prey and predator mechanisms, re-
spectively. The readers should refer to [21] for specific
forms of nonlinearities f; and g;.

Theoretical work on pattern dynamics arising in
activator-inhibitor systems (1.1) has been intensively in-
vestigated from both theoretical and numerical
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viewpoints [2,5,22]. However, most of them are restrict-
ed to two-component systems (M =N =1) and, as far as
we know, there have been few attempts [23,24] to ap-
proach more multicomponent systems [25,26].

As the first step to theoretically understand such mul-
ticomponent systems, we propose one-dimensional
reaction-diffusion equations that describe the interaction
of two inhibitors (N =2) and one activator (M =1). The
model equations take the following form for the activator
u and the two inhibitory variables v and w with a
sufficiently small positive constant €:

du _ Yy —
88t ax 2+f(u) v—w+k, (1.2a)
v _ 3%
a(l q)at—a +r(l1—s)u —v, (1.2b)
aqiui=rs(u)—w (1.2¢)
ot ’
where f(u) is N shaped such as f(u)=wu —u3 and

fu)=—u —H(u) with H(u)==1 for ©20. The pa-
rameters a, k, g, r, and s are constants. The angular
brackets { ) mean the spatial average.

Because f(u) is an N-shaped function, one may expect
that Egs. (1.2) admit a spatially nonuniform stationary
solution for suitable values of k, r, and s, which connects
two uniform solutions, say, u ¥ and u ~. The width of the
boundary between u * and u ~ is of order € and is very
small for small values of €. Hereafter we call this thin
boundary an internal layer or an interface. The motion
of internal layers characterize the time evolution of the
spatial pattern. For this reason, we are interested in the
dynamics of internal layers and especially the stability of
stationary internal layers by using a singular limit
analysis as € tends to zero, which is called an interfacial
approach [27].

Let us first briefly explain Egs. (1.2). When s =0, Eq.
(1.2¢) is decoupled with Egs. (1.2a) and (1.2b) and the
solution w vanishes asymptotically. Thus it turns out
that Egs. (1.2a) and (1.2b) reduce to the one-
inhibitor—one-activator system with the Bonhoeffer—van
der Pol kinetics:

ou g2 u _

s——at o 2-+-f(u) v+k, (1.3a)
dv a v

aat 3’ —4ru—v, (1.3b)

with a=a (1—gq). This reduced system (1.3) has been in-
vestigated by singular perturbation techniques and an in-
terfacial approach [2,16,17,27-32]. Koga and Kuramoto
[16] predicted that a motionless localized solution of Egs.
(1.3) undergoes a breathing motion when « is sufficiently
large. Later, the existence of a breathing motion was
proved in a mathematically rigorous manner [28]. Ohta,
Mimura, and Kobayashi [29] have extended these one-
dimensional results to higher dimensions. Oscillations of
interacting domains in a spatially periodic solution have
also been exploited [17]. One of the conclusions obtained
in Ref. [17] is that a coherent in-phase oscillation of
domains is the primary mode of oscillation in Egs. (1.3).
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Problems similar to those considered in Refs. [16,28,29]
have been investigated independently by Kerner and Osi-
pov [30,31]. Quite recently, Ikeda and Nishiura [32] have
analyzed the oscillatory behavior in further detail.

In the opposite special case of s =1, Eq. (1.2b) implies
that v (x, ) becomes asymptotically zero so that (u,w) be-
comes the so-called shadow system, which is also a one-
inhibitor—one-activator system

du a
€ EY =g? 3 +f(u)—w+k , (1.4a)
w': —
B v r{u)—w, (1.4b)

with B=aq. The only difference between (1.3) and (1.4) is
the different diffusivities of the inhibitors v and w. Equa-
tions (1.4) have also been considerably studied by an in-
terfacial approach [33]. We note that the system exhibits
no oscillatory behavior.

On the other hand, if we set ¢ =0, Egs. (1.2) are writ-
ten as

du , 0%u

e, =g? o’ +fu)—v—rs{u)+k , (1.5a)
)

aat =57 +r(l1—s)u—v . (1.5b)

A feature of this system is that the activator u is inhibited
by not only v but also its own spatial average (u ). Equa-
tions (1.5) are essentially identical to the model equations
for glow discharge proposed by Radehaus et al. [34]. In
a gas-discharge system, the activator u is the current den-
sity and the inhibitor v is the voltage drop across the gas
gap. Here we do not describe the derivation of (1.5) for
glow discharge because it is lengthy; for details see Ref.
[34]. There they have shown by computer simulations
that a localized solution of (1.5) exhibits a wiggling
motion. When s =1 in (1.5), the system is decoupled so
that Eq. (1.5a) reduces to a time-dependent Ginzburg-
Landau equation if one sets f (u)=u —u?>.

From the above consideration, Egs. (1.2) can be inter-
preted as follows. For arbitrarily fixed a and r, the pa-
rameter s implies the ratio of the inhibitor magnitude of v
and w to an activator u, while g implies the dynamics ra-
tio of v and w to u. Furthermore, the activator u diffuses
so slowly compared to v and w and the diffusion con-
stants of v and w are totally different in a sense that w
diffuses infinitely fast.

The purpose of this paper is to study dynamics of inter-
nal layers in Egs. (1.2) in order to understand how two in-
hibitors influence pattern dynamics of the activator and,
in particular, from the stability viewpoint of equilibrium
solutions, to consider how (1.2) is different from the one-
inhibitor—one-activator system when the parameters are
globally varied. What we would like to emphasize is that
(1.2) exhibits not only breathing motion, which has al-
ready been obtained in a one-inhibitor —one-activator sys-
tem, but also wiggling motion and, furthermore, very
complicated oscillations such as quasiperiodic behavior.

As mentioned above, the model equations (1.2) are re-
lated, on the one hand, to BZ-like chemical reactions
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and, on the other hand, to electric discharge. However,
we do not intend to make a detailed comparison with the
experimental results. We are mainly concerned with the
global feature of the model and clarify the role of the in-
hibitors in the appearance of various types of oscillations.
The organization of this paper is as follows. In Sec. II
we carry out computer simulations of Egs. (1.2). Various
domain motions are identified. In order to understand
theoretically these dynamic behaviors of patterns, we
derive, in Sec. III, an interface equation from (1.2), taking
the limit e—0. The linear stability analysis of the inter-
face equation of motion is performed in Sec. IV and the
stability diagram of equilibrium solutions with spatially
periodic structures is drawn. In Sec. V we carry out com-
puter simulations of the interface equation of motion and
compare those with the numerical results obtained in Sec.
II for sufficiently small but not zero €. Finally, we make
concluding remarks and discussions in Sec. VI.

II. SIMULATIONS OF LAYER DYNAMICS

A. Interaction of two inhibitors and one activator

Before we treat the system (1.2), we should briefly men-
tion how it can be derived from the two-inhibitor—one-
activator system. The first system that we introduce is
the three-component system for (u,v, v,)

du

St——da +f(u)—cyv;—cyv,+k , (2.1a)
Py Po, —L ta,u—bw (2.1b)
ot 1 352 1 1V1 .
By, B —2 4 a,u—by, 2.1c)
ot 2 9x2 ’

where f(u) has appeared in Eq. (1.2a). It is obvious to
see that the kinetics in (2.1) is a straightforward extension
of the well known Bonhoeffer—van der Pol kinetics be-
cause, when d,=d,=d', a,=a,=a, b,=b,=b,
¢, =c,=c, and g,(u,v)=g,(u,v)=au —bv, (2.1) reduces
to the essentially two-component system for u# and v,

du _

31 da s tflw)—cv+k, (2.2a)
Ll d'—ai +au —bv . (2.2b)
at ox?
By setting d=¢%, c¢,=c,=1, d,=1/[a(l1—q)],
al/d1=r(1_s), bl/dlzl, d2=D/(aq), Daz/d2=rs,

and agb, =1, the set of equations (2.1) is rewritten in
terms of u,v =v,, and w =v, as

du _ 2% -
3 E 3’ > tHf(w—v—w+k, (2.3a)
%
a(l q)————+r(1—s)u —-v, (2.3b)
ot 9x?
Jw _ . ow
Y —D-——ax2 +rsu —w , (2.3¢)

where a >0, r >0, 0<g <1, and O0<s <1 are all con-
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stants. Here we consider the situation where the
diffusivity of u is so slow compared with those of v and w
that we may assume € to be sufficiently small. Further-
more, we assume that the diffusion rate D approaches
infinity. Then, under the zero-flux boundary conditions,
w(x,t) becomes spatially homogeneous, say, w(z?) and,
taking the spatial average of (2.3c) with respect to x, we
obtain

a

95, =7 (u)—w,
where (u ) means the spatial average of u. Equations
(2.3a), (2.3b), and (2.3d) constitute the model system (1.2)
demonstrated in the Introduction.

(2.3d)

B. Numerical simulations

In this subsection, we numerically solve the system
(2.3a), (2.3b), and (2.3d) with sufficiently small e>0 in a
finite interval 0 < x < L under the zero-flux boundary con-
ditions at x =0 and L and show what kind of asymptotic
states appears in the system, depending upon the values
of g and 5. The other parameters are suitably fixed to be
€=0.02, k=0.5, a=600, r=1.5, L=1.5, and
f(u)=u —0.008u°>.

In our simulations, we restrict our consideration to the
situation where only two internal layers exist in the inter-
val in such a way that u (x,?) exhibits a one-pulse solu-
tion as in Fig. 1. Here we simply call such an equilibrium
solution with internal layers an equilibrium solution
without confusion. We note that any solution with no
reflection symmetry with respect to x =L /2 is spatially
periodic with the period 2L because of the reflection
property at the system boundaries with zero-flux bound-
ary conditions.

We demonstrate the asymptotic states of the solutions
in the (g,s) square region. These are basically classified
into five patterns depending on the values of g and s, as in
Fig. 2: (i) equilibrium state, E; (ii) breathing (in-phase)
motion, B; (iii) wiggling (antiphase) motion, W; (iv) quasi-
periodic motion, Q; (v) another complicated pattern, C.
In Fig. 3 we illustrate schematically the breathing and
wiggling motions of domains. The existence of these pat-

15
u
v
w
—-15
0 X 1.5
FIG. 1. Equilibrium solution obtained by simulations.
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terns E, B, W, Q, and C clearly indicates occurrences of
two different types of bifurcations. More qualitatively
speaking, we have the following classification: (1) for
fixed g to be close or equal to 1, all equilibrium solutions
are always stable for any 0<s <1; (2) for fixed s to be
close to 1, all equilibrium solutions are always stable for
any 0 <q < 1; (3) for fixed s to be close or equal to 0, when
q decreases from 1 to O, the equilibrium solution becomes
unstable through an in-phase Hopf bifurcation primarily;
(4) for fixed g to be intermediate in 0 <q <1, when s de-
creases, the equilibrium solution becomes unstable
through an in-phase Hopf bifurcation (occurrence of
breathing motions of layers); (5) for fixed g to be close or
equal to 0, when s decreases, the equilibrium solution be-

0.9 E E . E E E
0.7 B B B E E

1

q 0.4 X X B E E
0.2 b B E E E
0.0 X w E E

0.0 0.25 0.5 0.75 0.9
S
(a)
0.15 B B B B B D,
0.105 B B B B Q w
0.102 B B B Q Q w

)

q 0.1 B, B, Q. Q- C. W,
0.095 Q c C w w w
0.09 w w w w R
0.05 W w w w w w

0.14 0.145 0.15

s —

0.155 0.16 0.2

(b)

FIG. 2. Phase diagram obtained by simulations of Egs. (2.3)
in the region (a) for 0<¢ <0.9 and 0<s<0.9 and (b) for
0.05<g<0.15and 0.14 <5 <0.2.
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FF A

FIG. 3. Two kinds of motion of domains: (a) breathing and
(b) wiggling motions.

comes unstable through an antiphase Hopf bifurcation
(occurrence of wiggling motions of layers); (6) there are
some values of g and s such that a double Hopf bifurca-
tion occurs, that is, in- and antiphase bifurcations simul-
taneously occur.

We should give here some remarks on these results.
When s =0 [case (3)], the system for (u,v) is decoupled
with the equation for w and reduces to the well known
one-activator—one-inhibitor system as given by Egs. (1.3).
When g decreases, in-phase instability primarily occurs.
In fact, as shown in Ref. [17], this system prefers in-phase

5000

0
5000
| %
0
0
FIG. 4. Motion of interfaces in the space- (horizontal) time

(vertical) plane: (a) wiggling motion for ¢ =0.1 and s =0.2 and
(b) breathing motion for ¢ =0.1 and 5 =0.145.

X 1.5

W

% (a)
3

g(m
% 1.5
B,




FIG. 5. (a) Period doubling of breathing motion for ¢ =0.15
and s =0.25. The meaning of the lines is the same as in Fig. 4.
(b) Lorentz plot.

10000 @)
t
0% < 1.5
0.75 )
X
N
009 . 0.75
Qi

FIG. 6. (a) Quasiperiodic motion of domain for ¢ =0.15 and
s =0.15 and (b) its Lorentz plot.
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00 % 0.75 00 x 0.75
D1 Cl

FIG. 7. (a) Chaotic motion of domain for ¢ =0.15 and
s =0.16 and (b) its Lorentz plot.

oscillation. For case (6), more complicated oscillations
are generally expected around the double Hopf bifurca-
tion point. In fact, as will be shown below, quasiperiodic
oscillations can be found.

Figure 2(a) shows the phase diagram of various oscil-
lating modes obtained by simulations. The region
0.05<g <0.15 and 0.14 <5 <0.2 was explored in further
detail in Fig. 2(b). The actual domain motions are sum-
marized in Figs. 4—-7 where the trajectories of the inter-
faces are plotted in the space-time plane. Figure 4(a) is a
wiggling motion for ¢ =0.1 and s =0.2 while Fig. 4(b)
shows a breathing motion for ¢ =0.1 and s =0.145. A
period doubling of a breathing motion is shown in Fig.
5(a), where ¢ =0.15 and s =0.25. In order to confirm the
period doubling we have plotted a Lorentz map in Fig.
5(b). For smaller values of g, more complicated motions
appear between the breathing and wiggling oscillations.
A typical example of a quasiperiodic motion is given for
g=0.1 and s=0.15 in Fig. 6(a) together with the
Lorentz plot in Fig. 6(b). For slightly larger values of s,
the Lorentz map does not exhibit a closed orbit but be-
comes pieces of broken lines. We call this a chaotic oscil-
lation. Figure 7 shows examples for g =0.1 and s =0. 16.

III. INTERFACE EQUATION OF MOTION

As mentioned in Introduction, the sufficiently small pa-
rameter € in Eq. (1.2a) plays a role of a measure of a layer
width that separates two qualitatively different sub-
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domains, say, L, where ¥ >0, and L _, where u <0, as
in Fig. 1. The former is often called an excited domain,
while the latter is a rest domain. Therefore when € tends
to zero, we may regard internal layers as structureless
geometrical interfaces in such a way that time evolution
of the spatial pattern is described by the dynamics of ei-
ther excited or rest domains, which is given by the
motion of interfaces between them.

For the explicit computation, we specify the function
f(u) as a piecewise linear form

—u—1 for u<0

f)= —u+1 foru>0.

(3.1)
Note that this definition of f (u) is different from the pre-
vious one [17,29].

First, we assume that an equilibrium solution with two
internal layers with width O(e) has symmetry with
respect to x =0. Note here that the origin of the x coor-
dinate is different from that in Sec. II. Actually the ori-
gin is shifted by the factor L /2. Therefore, if one extends
this solution in the whole interval R under the reflection
with zero-flux boundary conditions, one obtains the spa-
tially periodic equilibrium solution with the period L. By
taking the limit €—0, this solution is discontinuous at
the interfaces, say, x ==//2, in such a way that the
period and the excited domain width are respectively L
and /. For a general domain configuration, we introduce
the right (left) interface position X (X ™) such that
u(X*,t)=0 for x =X*. It turns out that X*==+1/2 for
the equilibrium solution. It should be noted that when
the domain undergoes wiggling motion, the period is 2L
because, in an antiphase oscillation, adjacent domains os-
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X~ x+
U
v
w
| 1 1
—L/2 —2/2 0.0 £/2 L/2

FIG. 8. Equilibrium solution of Egs. (1.2) in the limit €e—0.

cillate with a phase difference 7. Then the spatial aver-
age (u ) is given as
1 2L

= . 3.2

(u) 5L fo dx u(x,t) (3.2)

Now we express Egs. (1.2b) and (1.2¢c) for v and w in

terms of X*. In the limit e—0, Eq. (1.2a) can be solved
as

u=—v—w+k+Hu), (3.3)

where H(u)=1 for u >0 and —1 for ¥ <0. In terms of
the interface positions X * and X ~ as in Fig. 8, H (u) can
be explicitly written as

Huw=0x—X")0(—x +X " )+60(x —L +X1)0(—x +L —X7)

—0

L
+.__.
*Ta

where 6(x)=1 for x >0 and O for x <0. The spatial
average {u ) is given from (3.3) and (3.4) by

(u>=—<u>—w+k+%(x+—x—)~1. (3.5)
By using the Fourier expansion of the variable v,
_ e ™ L
v(x,t)=Co(t)+ 3, C,(t)cos T 7% , (3.6)
n=1

Eq. (1.2b) can be written in terms of the Fourier com-
ponents C,(t) (n=0,1,...). From (3.5) and the fact
that (v ) =C,, it follows that

6(—x +X 7 )—6(x —XT)0(—x +L —X*)—6(x —L +X )8(—x +3L),

(3.4)
dc,
a(l—gq) ar
=—r(1=5) | Cotw—k +1==(X* =X 7) | =Cy .
(3.7a)
Equation for n 0 is given from (1.2b) and (3.4) by
an mn ?
a(l—gq) a 1+r(1—s)+ T C,
+r(1—s)B, , (3.7v)

=3 in | T xt—x- T xt—x-
B, ﬂnsm{ L(X X7) |cos 2L(L XT—X7)

(3.7¢)
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Similarly one may write Eq. (1.2c) as

aq‘fi—lf—=~rs C0+w—k+1—%(X+—X—) —w .

(3.8

We now derive the equations for the interface positions
X% and X . In the limit e—0, we could expect that the
spatial variation of v is weak compared to that of u.
Therefore we may regard v in Eq. (1.2a) as a constant in-
dependent of x [17,29]. Actually, when we are concerned
with the motion of X%, we nmay set
v(x,t)=v(Xi,t)=v,i. The value of v at the interface is
given from (3.6) by
L

xt—=
2

mhn

viE=Co(t)+ 3 C,(t)cos 3.9)

n=1

Furthermore, the effect of other domain boundaries is
negligible since €/ << 1. Thus the time variation of X *
can be obtained from an isolated interface as shown in
Fig. 9. Under these conditions, a steady propagating
solution of (1.2a) can be readily obtained [35]. The veloc-
ity is given by

2V
{(A+w»a—wmy)2’

c(V)=— (3.10)

with ¥ =v£+w —k. Thus one obtains the equations for
Xj:

dx*
dt

In this way one arrives at the complete form for the inter-
face equations of motion (3.7)-(3.11) for the unknown
variables [ X £(¢),v (x,1)].

Finally, we make a remark about the nonlinear func-
tion f(u) defined by (3.1). One can make a transforma-
tion to the system with the previous definition [17,29]
f(u)=—u for u <0 and —u +1 for u >0 by the follow-
ing replacements: wu—2u, v—2v, w—2w, and
k—2k +1.

=xc(V). (3.11)

FIG. 9. Spatial variation of the activator u inside the internal
layer (interface).
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IV. LINEAR STABILITY OF THE LAYER STRUCTURE

First we solve the stationary problem for the interface
equation obtained in Sec. III. From (3.11) one has

¢ (¥)=0 so that (3.10) implies
k=vi+w . 4.1)

The equilibrium values of w and C, are obtained from
(3.7a) and (3.8) with X T=11]/2, respectively, as

_or [
w= T+r k—1+ 2 4.2)
and
_r(l—s) a2
Co———1+r k—1+ I (4.3a)

The equilibrium solution of the Fourier components C\”’
for n#0 is given from (3.7b) by

8 r(l—s)
mn

cos
5 -

. | mn
cO= 7sin El

mhn
r(l—s) I !

(4.3b)

Note that this is finite only for even integers of n, i.e.,
n =2m. Substituting (4.2) and (4.3) into (4.1) and some
manipulation yield

k=—r 1—2~l +(1+ry 3 2 1 3
L m=1 Tm 147+ 2mm
L4 L
2mTm
Xsin |——1 | , 4.4
sin 7 4.4)

where y =r(1—s). By solving this with the summation
truncated at m =100, the domain width / is given, de-
pending on k. We thus find that equilibrium solutions are
obtained as a function of k, r, and s. The result is shown
in Fig. 10. Especially when I /L = ; it is readily seen that

/|

¢/L

0.0 l

-1.5 0.0 15
k

FIG. 10. Scaled domain width //L as a function of k for
r=1.5,5s=0.5,and L =1.5.
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k =w =C,=0. This originates from the fact that the
nonlinear function f(u) given by (3.1) is an odd function
of u.

Next we explore the stability of the equilibrium solu-
tions. By numerical simulations in Sec. II, we already
know that it crucially depends upon the values of g and s,
that is, equilibrium solutions become unstable through
two different types of Hopf bifurcation such as in-phase
and antiphase instabilities.

A. Wiggling motion

First we consider the stability of stationary interfaces
under wiggling disturbances. To do it, we introduce devi-
ations £ as

Xi=:t%+§i , (4.5)
where we set {T=¢~ =¢. The interface equation of
motion obtained in Sec. III is linearized in terms of §.
Note from (3.7a) and (3.8) that the deviations of Cy and w
vanish asymptotically. Hence Eq. (3.11) can be written
up to O(§) as

ac _ _
=28y, (4.6)

where we focus, without loss of generality, on only the
right interface and hence 8v; is given by

C w (2m—1)1rj_

Sv; m2=18C2m_1(t)cos I 3

2 2mm . | 2em T
+m2=1—'L—C(2(3,),§(I)Sln TE s 4.7)

with T=L —I. An equation for 8C,(¢) is obtained from
(3.7b) up to linear order of the deviation by
2

déC p—
a(l—gq) dar 1+y+ T 8C,
8 . wn . wnl
+§'yLs1n 5 S 4.8)

Because of the factor sinwn /2 in the last term, 8C, (¢) is

finite only for odd integers, as has been incorporated in
Eq. (4.7). Putting £ and 6C,(¢) < exp(At) in (4.6)-(4.8),
we obtain the growth rate A(0) as

~

2
cos —71(2m—1)
_ 16y 2 2L
T2 em—1) |’
" la(l—gA+1+y+ L"i—]
. 2
lsin 77-—lm ]
L
- 2 . (4.9)
2mm
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1.0

FIG. 11. Phase diagram obtained by the linear stability
analysis of the interface equations of motion. The full line is the
Hopf bifurcation threshold for breathing instability whereas the
dashed line is that for wiggling instability. The parameters have
been chosen as ¢ =18.0, » =1.5,7/=0.75,and L =1.5.

Equation (4.9) has been solved numerically for
1/L=T/L =1 truncated the summation at m =50. The
stability threshold where the real part of A vanishes is
plotted by a dashed line in Fig. 11. The imaginary part is
always finite so that a Hopf bifurcation occurs on the
line. In the region marked by W, one has a wiggling
motion of domains.

B. Breathing motion

In order to examine the possibility of breathing
motion, we have carried out the stability analysis by set-

ting {*=—¢~ =¢. Equation for £ is given, in this case,
by
iir-i":=—2(4‘5v1+8w) s (4.10)
where 8v; is obtained from (3.9) as
_ had 2om T
Sv;=8Cy+ 3 8C,,,(t)cos =
m=1 L
> 2mm (0) . 2mm j_
+mz=1—L C5, E(t)sin T 3| (4.11)

Equations for 8C, and Sw are obtained by linearizing
(3.7) and (3.8), respectively, as

a(l—q) ——{1+y}8C0~—r(1—s)8w+Iy§,

dt
(4.12)
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2

dsC
a(l—g—2=—[1+y+ |22 | |8C,
dt
8 mn wnl
+ &y~ cos T2 cos T2~ .
§yL cos—~ cos— T~ (4.13)
aqijt—“’= —rsﬁCo—(1+rs)8w+%rs§ . (4.14)

Setting &, 6C, (n=0,1,2,...), and 8w «<exp(At) and
after some manipulation, we obtain from (4.10)-(4.14)

_ 8 r +arA(q —2gs +s)
L {a(1—g@)A+1+y}(1+agr+rs)—rsy

A=

cos mml
16, & L
zh 2 o TP
"a(l—gr+1+y+ —%ﬁ
~ 2
sin l-m
L
, _ 4.15)
2mTm

1+y+

The bifurcation threshold where the real part of A van-
ishes while the imaginary part remains finite has been
evaluated numerically for (4.15) up to m =50 and is plot-
ted by a full line in Fig. 11. In the region marked by B,
the equilibrium solutions are unstable under in-phase dis-
turbances.

Here we make several remarks about the phase dia-
gram in Fig. 11 obtained by the linear stability analysis.
First of all, we note that the two bifurcation lines inter-
sect each other at the point indicated by a dot. We thus
find the occurrence of a double Hopf bifurcation in the
g-s plane. This causes generally complicated oscillatory
motions of domains at postthreshold as shown in Secs. 11
and V. Second, the wiggling motion dominates the
breathing motion for sufficiently small values of g. This
can be understood as follows. For ¢ =0, the model equa-
tions (1.2) reduce to (1.5), which describe electric glow
discharge. In this limit, the spatial average of u causes an
inhibitory effect. This makes a wiggling motion more
favorable than a breathing motion because the total mag-
nitude of u or the total area of excited domains in the
former motion is almost time independent and zero espe-
cially for [I/L=1. Finally, we have reentrant
phenomenon by decreasing g with a fixed value of s. That
is, for large values of g, equilibrium solutions are stable.
Decreasing g, the breathing instability appears and then
for a further decrease of g, equilibrium solution again be-
come stable. This also originates from the self-inhibitory
property of the activator u for small values of q.
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V. SIMULATIONS OF THE INTERFACE DYNAMICS

In order to investigate the posthreshold behavior, we
have carried out computer simulations of the interface
equation of motion given by Egs. (3.7)—(3.11). The pa-
rameters have been chosen as L =1.5, [ =0.75, r =1.5,
k =0, and a =18.0. These are close to those used in the
simulations in Sec. II except for the value of a. This is
because the left-hand side of Eq. (1.2a) has a multiplica-
tive factor € while that of Eq. (2.3a) does not. The factor
€ can be eliminated by redefining the time scale. Hence
the parameter a in Eq. (1.2a) corresponds to a¢ in Eq.
(2.3a).

The number of Fourier components C, is n =30. We
have verified the accuracy of the results by simulations
for n =60. The set of ordinary differential equations
(3.7)-(3.11) was solved numerically by the well-known
Runge-Kutta-Gill method with the time increment 0.001.

time

0 e 103

0.75 0.375
VAVAVAVAVAVAVAVAVAY "
YAVAVAVAVAVAVAVAVAV 047

space
<)
T

(e)

FIG. 12. Domain oscillations obtained from the interface
equations of motion: (a) wiggling motion for ¢ =0.055 and
s =0.41; (b) distorted wiggling motion for ¢ =0.055 and
s =0.12; (c) quasiperiodic motion for ¢ =0.055 and s =0.0738;
(d) breathing motion for ¢ =0.055 and s =0.06; (e) period-
doubling oscillation for g =0.2 and s =0.3.
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Figures 12 summarize the results of the simulations.
These are the asymptotic results after eliminating initial
transient. The figures on the left-hand side show the in-
terface motions in the space- (vertical axis) time (horizon-
tal axis) plane while those on the right-hand side plot the
orbits in §; (horizontal) and §, (vertical) plane. Figure
12(a) is the typical wiggling motion obtained for
g =0.055 and s =0.41. When one decreases s, the oscil-
lation deviates from the sinusoidal curve and a phase
difference between §,; and {, appears. This can be clearly
seen in Fig. 12(b) for ¢ =0.055 and s =0.12. If one fur-
ther decreases the value of s as ¢ =0.055 and s =0.0738,
one enters a quasiperiodic regime as in Fig. 12(c). Al-
though not shown in the figure, we have verified that this
is indeed quasiperiodic by a Lorentz map in the same
manner as in Fig. 6. For slightly smaller values of s, a
breathing motion appears as in Fig. 12(d), where
g =0.055 and s =0.06. Note that the time and space
scales are the same in all the figures. Thus the frequency
of the breathing motion [Fig. 12(d)] is larger than that of
the wiggling motion [Fig. 12(a)]. Figure 12(e) is an exam-
ple of period-doubling oscillation. This emerges for
s =0.3 and ¢ =0.2. It is interesting to see that the main
oscillation with lower frequency in Fig. 12(e) is a wiggling
motion while the secondary oscillation is a breathing
motion. Thus we note that the period doubling is a result
of competition between these two fundamental motions.

The results shown in Fig. 12 are qualitatively con-
sistent with those in Figs. 4—6 obtained by direct simula-
tions of Egs. (1.2) with a small but finite value of €. One
exception is the almost chaotic oscillation in Fig. 7. Al-
though we carried out simulations in the g-s plane very
carefully, we could not find any chaotic behaviors in the
solutions of the interface equation of motion.

VI. CONCLUDING REMARKS

What we have shown in this paper is that multispecies
activator and inhibitor systems exhibit a variety of spa-
tiotemporal oscillating patterns compared with one-
activator—one-inhibitor systems. To show the difference,
we have studied pattern dynamics in a simple but non-
trivial model of an interacting one-activator—two-
inhibitor system given by Eqgs. (1.2). Motions of excited
domains have been investigated by both direct simula-
tions and the interfacial approach. The global phase dia-
gram for the oscillating instabilities has been drawn in g-s
space. When the value of s is small, the system reduces to
the one-activator—one-inhibitor system that was studied
previously. It was predicted that an in-phase oscillation
of domains is dominant for / /L =~ whereas an antiphase
oscillation can appear for / /L <<1 [17]. Later, this prop-
erty has also been studied in further detail by Ikeda and
Nishiura [32].

For small values of g, the wiggling motion is the pri-
mary motion of domains. This is one of the characteris-
tic features of the present system. Radehaus et al. [34]
have obtained an antiphase oscillation in their numerical
simulations of Egs. (1.5), which is a particular case of
Egs. (1.2) with ¢ =0. Thus their result is well consistent
with the present analysis.
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In the boundary region where the breathing and wig-
gling motions complete with each other, more complicat-
ed motions appear. In fact, computer simulations reveal
several interesting spatiotemporal patterns such as
period-doubling, quasiperiodic, and almost chaotic oscil-
lations. However, their theoretical understanding is still
in progress.

When we were preparing this manuscript, a paper by
Niedernostheide et al. [36] was published. They also
carried out computer simulations of the set of equations
quite similar to Egs. (1.5) and found breathing, wiggling,
and quasiperiodic motions of a domain. However, the
present study of the extended model Egs. (1.2) is more
general. Niedernostheide et al. considered only the par-
ticular limit of Egs. (1.2), i.e., for ¢ =0. One of the essen-
tial differences from their results is the existence of a dou-
ble Hopf bifurcation point in the g-s plane as shown in
Fig. 11. Almost chaotic oscillations, which were not ob-
tained in Ref. [36], have been found near this point. Fur-
thermore, we have applied the interfacial method to draw
the precise stability diagram.

In this paper, we were restricted to dynamics of solu-
tions with two internal layers. Of course, multilayer dy-
namics is also interesting, as shown in Fig. 13, which was
obtained by the simulations of Egs. (1.2) and where three
different types of pattern of four-layer dynamics are
shown. These results suggest that more variety of oscilla-

(a)

4000

t

05 " 3
4000 ()

05 X 3
4000 (©)

035 X 3

FIG. 13. Three different types of motions in four-layer dy-
namics of Egs. (1.2) for s =0.5 and (a) ¢ =0.4, (b) ¢ =0.35, and
(c) ¢ =0.3. Other parameters are the same as in Fig. 4.



52 BREATHING AND WIGGLING MOTIONS IN THREE-SPECIES . . .

tion, which cannot be seen in the dynamics of the small
number of layers as shown here and previously, is expect-
ed in an assembly of interacting excited domains. For
this purpose, simulations of the partial differential equa-
tions such as (1.2) and the interface equation of motion
are time consuming. A further coarse-grained approach,
such as nonlinear coupled oscillators [37], would be more
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useful. We hope to return to this problem elsewhere in
the future.
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